Ricci Solitons - The Equation Point of View 



Manolo Eminenti, Gabriele La Nave, and Carlo Mantegazza 

ABSTRACT. We discuss some classification results for Ricci solitons, that is, self similar 
solutions of the Ricci Flow. 

New simpler proofs of some known results will be presented. 

In detail, we will take the equation point of view, trying to avoid the tools provided by 
considering the dynamic properties of the Ricci flow. 



Contents 

1. Introduction 1 

2. General Computations 2 

3. Compact Ricci Solitons 5 
Appendix A. Minimizing Perelman's Functional 14 
Appendix B. Strong Maximum Principle for Semilinear Equations on 

Manifolds 16 

Appendix C. Some Open Problems 20 

References 20 



1. Introduction 

DEFINITION 1.1. A Ricci Soliton is a smooth n-dimensional complete Riemannian 
manifold (M, g) such that there exists a smooth 1-form cu such that 

(1.1) 2Rij + ViWj + Vjcv t = -^gij 

for some constant ]x G R. 

A gradient Ricci Soliton is a smooth n-dimensional complete Riemannian manifold 
(M, g) such that there exists a smooth function / : M — > R, sometimes called potential 
function, satisfying 

for some constant \x £ R. 

Sometimes in literature these manifolds are called quasi-Einstein manifolds. 

A soliton is said to be contracting, steady or expanding if the constant \x € R is re- 
spectively positive, zero or negative. 

We say that a soliton is trivial if the form cu can be chosen to be zero, or the function 
/ to be constant. 
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This is like to say that (M, g) is an Einstein manifold (in dimension three or if the Weyl 
tensor is zero, it is equivalent to constant curvature). 

REMARK 1.2. Clearly, a Ricci soliton is a gradient soliton if the form cv above is 
exact. 

Ricci solitons move under the Ricci flow simply by diffeomorphisms and homoth- 
eties of the initial metric, that is, in other words, they are stationary points of the Ricci 
flow in the space of the metrics on M modulo diffeomorphism and scaling. 
Moreover, their importance is due to the fact that they arise as blow-up limits of the 
Ricci flow when singularities develop. 

In this note we try to analyze these manifolds forgetting the properties of the Ricci 
flow and the related dynamical techniques, just looking at the defining elliptic equa- 
tions (1.1) and (1.2). 

We suggest to the interested reader the preprint of Derdzinski [12] and the survey 
of Cao [5] as very comprehensive reviews of the present literature, open problems and 
recent developments. 

During the publication of this paper, there appear several preprints extending the 
results (or presenting different proofs) to the complete noncompact case [8, 13, 22, 23, 
24,26]. 

ACKNOWLEDGMENTS . We wish to thank Xiaodong Cao for pointing us at some 
inaccuracies in earlier versions of the paper. 

2. General Computations 

We recall some well known facts from Riemannian geometry: 

• The Schur's Lemma, when n > 2 

2divRic = dR . 

• The fact that R,-y = gijR/2 when n = 2. 

• The formula for the interchange of covariant derivatives of a form, 

VjjW k - V 2 n cv k = R ijks cv s . 

• The decomposition of the Riemann tensor, 

R 1 

R W = ~ ( w _!)(„_ 2 ) teikZfl ~ Sugjk) + ^2 ( Rikg i l ~ Rilg i k + R i lgik ~ R i kgi ^ + W ^' w " 

• The fact that the Weyl tensor W is zero when n < 3. 
Now we work out some consequences of equation (1.2). 

Proposition 2.1. Let (M,g) be a Ricci gradient soliton, then the following formulas 
hold, 

(2.1) R + Af = yi 

(2.2) V/R = 2R i; -V'/ 

(2.3) VyRffc- ViR jk = R ijks V s f. 



(2.4) 



R+ V/ 2 - — / = constant 
n 

2 



(2.5) AR = (VR | V/) + — R — 2 1 Ric | 2 

n 



(2.6) AR i; - = (VRij | V/) + ^R if - 2R tkjs R ks 



(2.7) AR ik = (VR lk | V/) + ^Ra - W i/fcZ R' 7 



n 

+ ( n _ i) 2 ( n _ 2 ) ( R ^ fc ~ nRR * + 2(n ~ 1)Sifc ~ ( " ~ 1)S ^ 



wfoere Sjfc = Rjyg^R^ and S = tr S = |Ric| 2 . 

PROOF. Equation (2.1): we simply contract equation (1.2). 
Equation (2.2): we take the divergence of the Ricci tensor, by using equation (1.2), 



divRiCf^VjtRf; 

= -^VtVfVy/ 

= _ V! A/-R !S V7, 



where we used the formula for the interchange of covariant derivatives. Using then 
equation (2.1) and Schur's Lemma we get 



Iv f R = - ViOi - R) - R ;s V s / = V ; R - R ls V s /, 



hence, equation (2.2) follows. 

Equation (2.3): it follows by a computation analogous to the previous one. 

Relation (2.4): it follows by simply differentiating the quantity on the left side and 
using equations (2.2) and (1.2). 

Equation (2.5): once obtained equation (2.6), it follows by contracting it with the metric 
8- 



Equation (2.6): we compute the Laplacian of the Ricci tensor by means of equation (2.3) 
and the second Bianchi identity, 

AR ik = V'VyRfjfc = V'VfRyit + V f R /?A . s V7 + R ijks V s f 
= ViViR jk + R j ijs R s k + R j iks R) 

+ V k R } sij V s f - VJ< ? , /? V7 + RijksV'V'f 
= V l V'R jk + R ls R s k + R } lks R S j 

- V,R,V7 + V s R fa - V s / + R.^VTY 

= iv i V ]t R + R i9 ^ + R^,R; 

- VfcRsf V s / + (VR lk | V/) - R /;A ,R ?V + ^R ik , 
= (VR ik | V/) + ^R ik - 2R ljks R' s + R is Rl 

+ \v k V l R-V k R ls V s f, 

where we used also Schur's Lemma, substituted V 7 V S / by means of equation (1.2) 
and rearranged some terms in the last line. 
Differentiating relation (2.2) we obtain 

= \ V fc ( V*R - 2R is V s /) 

hence, 

i VtViR - VtRfcV'/ = Rfa V s V fc / . 

Then, we conclude 

ARa = ( VRffc | V/) + ^R ik - 2R tjks Rj s + R ts R s k + R ls V s V k f 
= (VR/jfe | V/) + ^R zl - 2R ijks R} s + R is Rl + ^R is - R is R s k 
= ( VRffc | V/) + ^R ik - 2R ijks Ri s . 
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Equation (2.7): by using the decomposition of the Riemann tensor we can go on with 
the computation in formula (2.6), 

ARffc = (VR* | V/) + ^R ik - 2W ijkl Ri l 
2R 



+ ( W -l)( W -2) to ^~^ fc)R,7 

(R ikgjl - R u g jk + Rjigik - Rj k gu)R il 



n-2 

( VR* | V/) + ^R ik - 2W ijkl R> 1 

2R 2 

+ (n-l)(n-2) ^ a " Rik) ~ ^2 (RR ^ " ^ + S **> 

(VR* | V/) + ^R ik - 2W ijkl Ri l 

+ (n _ 1) 2 (n _ 2) i R2 Sik ~ nRR ik + 2(n - 1)S* - (n - l)Sg*) . 



□ 



2.1. The Case n = 2. We can use the complete description of the curvature tensor 
via the scalar curvature R, that is R/y = Rgjj/2. 

Proposition 2.2. Ifn = 2 there hold, 

v i;J - 2 

VR = RV/ 

AR = ( VR | V/) + (UR — R 2 

2.2. The Case n — 3. Using equation (2.7), as the Weyl tensor W is identically zero 
for every 3-manifold, we get 



Proposition 2.3. Ifn = 3 there hold, 

2j- 
3 



AR ik = (VR* | V/) + ^R ik + R 2 g lk - 3RR ik + 4S* - 2Sg ik 



with Si k = Rijgi l R\ k and S = |Ric| 2 . 

This proposition clearly generalizes to dimension n > 3 when W = 0, 

(2.8) AR ik = (VR* | V/) + ^R* 

+ ( W _ !) 2 ( n _ 2 ) ( R2 ^ " nRRik + 1{n ~ 1)Sf * " ( " " 1)S #*) • 

3. Compact Ricci Solitons 

By means of Perelman work [25] and previous others, see Hamilton [18] (dimen- 
sion two) and Ivey [19] (dimension 3), we have the following fact. 

Theorem 3.1 (Perelman). Every compact Ricci soliton is a gradient Ricci soliton. 



PROOF. Let (M, g) be a Ricci Soliton, with a potential form cv. We start with the 
following computation for a generic smooth function / : M — > M, 

^V fc [2(R !7 + v2./-^ ; /n)e-/] 

= (ViR + 2AVif)e~f - 2[(R, 7 + V 2 -/ - mjMg^kf]^ 

= (ViR + 2V t Af + 2R is V s f )e~f - 2[(R i; - + V?-/ - ngy/nJg^Vt/K' 

= (ViR + 2V.-A/ - 2^V 2 /V fc / + 2iL/nVif)e-f 

= V,-(R + 2A/ - | V/| 2 + 2iif/n)e-f . 
Hence, supposing to find a smooth function / : M — >• M such that 
(3.1) R + 2A/- |V/| 2 + 2^//n 

is constant, we have 

div[(Ric + V 2 / - fig/n)e~f] = . 
Then, as V t cv k + V k wi = -2R /fc + 2^.g lk /n, 

div[(Vt / - ^)^'(R !7 + V 2 / - WjMe- f ] 

= (Vf k f - ViW^g^Rij + V 2 -/ - Wl7 /n)e-/ 

= (2Vf k f - V lWk - Vmtfi^iRij + V 2 -/ - mj /n)e-f/2 

= (2Vf k f + 2R Ik - 2 mk /n)g k ig li (Rij + V 2 / - mj /n)e-f /2 

= \R i j + V} j f- mj /n\ 2 e-f, 

where, passing from the second to the third line, we substituted V\cv k with (Viw k + 
V k a>i)/2 since the skew-symmetric component of Vcu vanishes once we contract it 
with the symmetric 2-form R/y + V 2 / — fJ-gij/ n. 
Hence, we conclude that 

< Q = |Ric + V 2 /- (Ug/nlV-f = divT 

for some 1-form T. 

Integrating Q on M, we immediately get that Q = 0, since it is nonnegative. 
This clearly implies that (M, g) is a gradient Ricci soliton with a potential /. 

The existence of a function / such that relation (3.1) holds, can be proven by con- 
strained minimization of Perelman's W functional (defined in [25]). A logarithmic 
Sobolev estimate is needed, see Appendix A. □ 

PROBLEM 3.2. Is it possible to prove Theorem 3.1 without using arguments related 
to Ricci flow, that is, showing directly that the form w in equation (1.1) is exact? 

REMARK 3.3. In the noncompact case, there exists non gradient Ricci solitons, see 
Baird and Danielo [1], Lott [21]. 

We can then concentrate ourselves on compact gradient Ricci solitons. 
The key tool will be the maximum principle for elliptic equations. 
We start from equation (2.5), 

AR = (VR I V/) + — R - 2|Ric| 2 

71 
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noticing that ju = Vol | M ) J M R > R m i n , with equality if and only if R is constant. 
We have, 

AR = (VR | V/) + — R - 2|R°ic| 2 - 2R 2 /n 
2R 

<(VR| V/) + — (m-R) 
n 

o 

where we denoted with Ric the tracefree part of the Ricci tensor. 
When R gets its minimum, 

2R min 

AR min < ^ m (iU- - Rmin) • 

This relation, by the strong maximum principle, implies that if R is nonconstant, then 
it must be positive everywhere, hence also \i is positive. 

Proposition 3.4. Every steady or expanding compact Ricci soliton has the scalar curva- 
ture R constant (and equal to the constant 

Coming back to equation (2.1) this fact forces Af = 0, hence, since we are on a 
compact manifold, / is constant and the soliton is trivial. 

Corollary 3.5. Every steady or expanding compact Ricci soliton is trivial. 

Now we deal with contracting compact gradient Ricci solitons. 

The two-dimensional case is special, we saw that R > 0, hence topologically we 
are dealing with § 2 or its Z2-quotient MP 2 . 
The relevant equation is 

V 2 f=^ £ .. 
v ijJ 2 ' 

indeed, differently by the 3-dimensional case, the II Bianchi identity (hence the Schur 's 
Lemma) is a void condition, making this case more difficult. 

The following result was first proved by Hamilton [18] with an argument using the 
unif ormization theorem which can be strongly simplified by means of Kazdan- Warner 
identity (which relies on uniformization), see [10, pag. 131] and [6]. Recently, Chen, 
Lu and Tian found a simple proof independent by uniformization of surfaces [9]. 

Proposition 3.6. Every contracting, compact, two-dimensional Ricci soliton is § 2 or 
MP 2 with the standard metric. 

We assume now to be in dimension three or in higher dimension with a zero Weyl 
tensor. As we said, the scalar curvature R must be positive everywhere, then by means 
of equation (2.8) we have, 

R lk \ _ AR lk R tk AR + 2 1 VR| 2 R ;fc „ (VR ifc | VR) 



R / R R 2 R 3 R 2 



substituting the equations for AR^ and AR we get 



AR ik RffcAR + 2 |VR| 2 R tfc _ 2 ( VR* | VR) 



R 



R 2 



R3 



R 2 



(VRftlV/) 2jiRft 
R n R 



+ 



2(R 2 g tk - nRR lk + 2(n - l)S lk - (n - l)Sg ik ) 

(n-l)(n-2)R 
R*AR 2 |VR| 2 R ifc _ 2 ( VR,-* | VR) 



R 2 
/VR* 



\ R 



R 3 R 2 
; R / n R 



+ 



2 (R 2 g lk - nRR lk + 2{n - l)S tk - (n - l)Sg ik ) 

(n-l)(n-2)R 
R*<VR | V/) + ^RR lk - 2|Ric| 2 R ijt 



+ 2 



VR| 2 R ; 



ik 



R3 



+ 



V/-2 



; n -l)(n-2) 



R 2 
VR 
R 

tj „ R , 2(n - l)Sa M%\ 2SR it 



R 



+ 



2 (R 3 g ;fc - hR2r ;1 + 2(n - l)RS ;fc - (n - l)SRg lk +(»-!)(»- 2)SR ;fc ) 

(n -l)(n -2)R 2 



Let now A m [ n : M — > M to be the minimal eigenvalue of the Ricci tensor. If p £ M 
is the point where A m i n /R gets its minimum with eigenvector v p , we consider a local 
unit smooth tangent vector field w = w 1 such that w(p) = v p , Vw l (p) = Aw ! (p) = 0. 
Then the smooth function R^-wW/R has a local minimum at p, (RjjW l w) /R)(p) = 
A min (p)/R(p), V(R t jiv l iv'/R)(p) = and A(R l7 w l W/R)(p) > 0. 
By the assumptions on the derivatives of w at p we haveV(Rij/R)(p)v p v p = and 
A(Rjj/R)(p)v p Vp > 0, hence, using the previous equation, 

< A(R, 7 /R)( P )44 = 2 ^ - "^" R2 + 2( " - ^ - 2 ( " - 1)SR + - - 2)A "" S > 



where the right hand side is evaluated at p G M. 
This implies, 



(3.2) < R 3 - nA min R 2 + 2(n - l)A 2 min R - (n - 1)SR + (n - 1) (n - 2)A min S . 



We work on this term, setting R and S to be respectively the sum and the sum of the 
squares of the eigenvalues of the Ricci tensor, but A m i n . 



< R 3 - nA min R 2 + 2(n - l)^ in R - (n - 1)SR + (n - 1) (n - 2)A min S 
= (A min + R) 3 - nA min (A min + R) 2 + 2(n - l)A 2 nin (A min + R) 

- (n - l)(A 2 nin + S)(A min + R) + (n — l)(n — 2)A min (A 2 nin + S) 
= ^min(l " ^ + 2(n- 1) - (n -1) + (n - l)(n - 2)) 

+ A 2 nin (3R - 2nR + 2(n - 1)R - (n - 1)R) 

+ A min (3R 2 - nR 2 - (n - 1)S + (n - 1) (n - 2)S) 

+ (R 3 - (n - 1)RS) 
= (n-l)(n-2)A 3 nin -(n-2)A 2 nm R 

+ (n - 3)A min ((n - 1)S - R 2 ) - R((n - 1)S - R 2 ) 
= (n - 2)A 2 nin (A min (n - 1) - R) + ((n - 3)A min - R) ((« - 1)S - R 2 ) . 



Now, as R is positive, both terms (A m i n (n — 1) — R) and ((n — 3)A m i n — R) are non- 
positive. Using the Arithmetic-Quadratic mean inequality we see that the term ((n — 

1)S — R 2 ) must be nonnegative, so we conclude that all this expression is nonpositive. 
Hence, it must be zero at p, the point where A m i n /R gets its minimum. 
There are only two possibilities this can happen: either A m i n (p) = and all the other 
n — 1 eigenvalues of the Ricci tensor are equal, or all the eigenvalues are equal (and 
positive as R > 0). 

In this latter case, A m { n (p) = R/n and since we are in the point of minimum, R/./R > 
gij/n or Rij > Rgij/n on the whole manifold. But this inequality easily implies that 
(M, g) is an Einstein manifold (the soliton is trivial). 

In the other case, as A m i n (p) = and all the other n — 1 eigenvalues of the Ricci tensor 
are equal to R/ — It can be shown that locally around p the eigenvector v(q) 
realizing the minimal eigenvalue A m { n (q) can be chosen smoothly depending on the 
point q (locally there are no "bifurcations" of the minimal eigenvalue of R/y). Then, as 
RijV 1 = A m [ n Vj, differentiating this relation, we get 



V fc R ; y = V k A min Vj + A min V k Vj - RfyVV, 
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then we compute for A m { n — 

AA min = A(RijV l v j ) 

= AR f; uV + A^RijV 1 : V k vi + 2R I; VV V fc z^' + IR^Av^ 
= ARijtfvi + 2R iy VV V^' + IRijtfAvi 

+ W k A min VjV k vi + 4A min V k VjV k vi - 4R f; - VV V k v> 

V - 2R i; VVV^' + IR^Av' + 2V k A min V k \v\ 2 + 4A min | Vv\ 

V - 2A mhx V k VjV k vi + IRijtfAvi + 4A min \ Vv\ 2 

V + 2A min | Vv\ 2 + 2A min VjAv' 



= ARijV 
< ARijV 
= AR^v 
= AR^v 



v } + A m ;„A\v\ 2 



= ARijV l v ] . 

Working as before, we obtain the following elliptic inequality for the minimal eigen- 
value, locally around p, 

AA min < (VA min | V/) H A min 

n 

+ {n _ x){n - 2) ^ " " RAmm + 2{H ~ ~ {H ~ 1)S) • 



This inequality implies 
A (¥ 1 )"( V (¥ 1 )| V/ - 2 



VR 
R 



+ („_!)(„_ 2 ) ( R " nAmin + 2(n " X ) A min/R ~in- 1)S/R) + 2A min S/R 2 , 

holding locally around p where A m i n /R get the local minimum zero. 

As at this local minimum A^^g" 1 ^ = 0, by the strong maximum principle, it follows 

that A m i n /R is locally constant around p. Then it is an easy consequence that this must 
hold on the whole connected M and A m [ n is identically zero. 

Getting back to the initial equation (1.2), we put ourselves at the point p G M where 
the function / gets its maximum. If v G T p M is the unit zero eigenvector of the Ricci 
tensor, we take normal coordinates at p such that v = d Xl , hence 

R f/ (p)i7V + V?-/(p)i;V = ^ / 

that is, 

Vfi/(p) = P>>0, 
which is impossible as p is a maximum point for /. 

Proposition 3.7. Every contracting, compact, three-dimensional Ricci soliton is a quo- 
tient o/S 3 with the standard metric. 

Proposition 3.8. Every contracting, compact, Ricci soliton when n > 3 and the Weyl 
tensor is zero, is trivial. Then, it is a quotient ofS n with the standard metric. 

REMARK 3.9. In the recent preprint [8] Cao and Wang also prove this result by 
means of a completely different method. 
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When n > 3, we have counterexamples to the triviality of compact Ricci solitons 
due to Koiso [20], Cao [4], Feldman, Ilmanen and Ni [14]. Moreover, some of these 
examples have Ric > 0. See also Bryant [3]. 

In general, we only know that it must be R > and nonconstant. 

PROBLEM 3.10. Are there special conditions in dimension n = 4 (on the Weyl ten- 
sor?) assuring that a contracting, compact, Ricci soliton is trivial? 

PROBLEM 3.11. Are there counterexamples in dimension n = 5? 

Recently Bohm and Wilking [2] showed the following Hamilton's conjecture. 

Theorem 3.12. If the Riemann operator is definite positive, every contracting, compact, 
Ricci soliton is trivial. 

Hence, it is a quotient of by a theorem of Tachibana [28]. 

Previously, by Hamilton work [17] this result was known forn < 4 and there was 
a partial result by Cao [7] in any dimension. 

PROBLEM 3.13. The sectional curvatures of a compact, NONtrivial, contracting 
Ricci soliton can be all positive (nonnegative)? 

PROBLEM 3.14. What are in general the properties of compact, NONtrivial, con- 
tracting Ricci solitons? 

See this paper by Derdzinski [11]. 
We are also aware of a preprint [15] of Fernandez-Lopez and Garrfa-Rio where they 
show that the first fundamental group has to be finite. 
We give here a short proof of this fact. 

Proposition 3.15. The first fundamental group of a compact shrinking Ricci solitons is 
finite. 

PROOF. Denoting with n : M — > M the Riemannian universal covering of M, it 
is well known that the fundamental group is in one-to-one correspondence with the 
discrete counterimage of a basepoint p G M. Clearly M is again a shrinking gradient 

Ricci soliton (possibly noncompact) with a potential function / = / o n, since n is a 
local isometry. 

Let a and b be a pair of points with n{a) = n(b) = p and y : [0, L] — > M the 
minimal geodesic between them, parametrized by arclength. 

Let E; be an orthonormal basis of T a M such that E\ = y'(0) extended by parallel 
transport along y. If h(t) = sin (^), we define the fields Yj(f) = h(t)E ir zero at 
t — 0,L. 

As y is minimal, the index form is nonnegative definite, 

0< J(Y;,Y f ) = f L \Y' l \ 1 -R(Y u y',Y u y')dt= f ' \ti \t)\ 2 - h 2 (t)R(E u y> ' ,E u y') dt , 
Jo Jo 

and after summing on i G 1, . . . , n, we get 

o,^/; cos2 (-), f _/; sin2 (-) Ric(y ,y„, 

Substituting now the Ricci soliton equation we get 

£** (?) S i^<-/> 2 (?) ^ <- (?) * 

ii 



that is, 

7tt\ j f L . 9 / 7tt\ d 2 



Sr^(r)*-r^(r)^))]* 

^r- 2 (?)^4rh 2 (?)- 2 (?) 



<^r 1 ) / L cos^gi 



L 2 Jo V *< 

As |/| < max M |/| < C and setting A = J L sin 2 (f) dt = J L cos 2 (f) dt we obtain 



hence, 



Li 7t 2 (n — 1)7T 2 „ 

—A - 2CA TT < ± — — A 



L 2 < nn 2 (n-l + 2C) 



This estimate says that all the counterimages of a point p G M belong to a bounded, 
hence compact, subset of M. Since such a set is discrete, it must be finite. The thesis 
then follows. Also, the universal covering is compact. 

Notice that, as a byproduct of this argument, we have that if the potential func- 
tion / of a complete, shrinking gradient Ricci soliton is bounded then the soliton is 
compact. Moreover, by equation (2.4) it also follows that if R is bounded and | V/| is 
bounded, again the soliton is compact. □ 

3.1. Another Proof of Proposition 3.7. We give now a direct proof of Proposi- 
tions 3.7 and 3.8 only using the defining equation (1.1), without passing by Theo- 
rem 3.1. 

We start with the following computation, 

AViWj = V k \/ k V l cv j = \7 k {ViV k cVj + R k ijs w s ) 

= - V k V t V j cv k - 2V k ViR) + V k R%cv s + R k ljs V k cv s 

= - ViV k VjW k - R kljs V s cv k - R kt k s VjCv s - 2V t V k R k - 2R k k s R) - 2R ki] s R k 

- VjR sk \cv s - V s R fcj V + Ajs V^ s 

= - ViVjV k cv k - ViRj s w s - R js ViCv s + R ikjs V s cv k - R is VjW s - V,-VyR 

- 2S f; - + 2R ik] s R k + VjR ls cv s - V s R tj cv s - R k js V k cv s 



V Z V ; R - V t R js w s - R js ViCv s + R lkjs V s cv k - R is VjW s - V;V ; -R 
- 2Sij + 2R ik] s R k + V ; R/,cu- - VsR.ya; 5 - R k js V k w s 



= - ViR js cv s - Rj S ViCv s + R lkjs V s cv K - R ls VjCv s 
- 2S tj + 2R ik] s R k + VjR ls cv s - V s R !; a, s - R* /fl 
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Then, we are ready to write the Laplacian of the Ricci tensor 



2AR f; - = — A (ViWj + VjCVi) 

= ViR js cv s + R js ViCv s - R ikjs V s cv k + R ls V jcv s 
+ V/R/.ca + R is VjW s - R jkis V s w k + R js ViCv s 
+ 2Sij - 2R ik] s R k s - VjR ts cv s + V.<R,;«/ + R? js V k cv s 

+ 2S„ - 2R jfa s R* - V l R js cu s + VJ< ?i a/ + R- ls V k cv s 
= 2V s RijW s + 2Rj s ViW s + 2R is V jW s 

- R ikjs V s cv k - R jkis V s cv k + R ikjs V k cv s + R jkis V k cv s 
+ 4S i; - - 4R ;fcjS R fcs . 



Now, noticing that all the second line cancels, 

AR// = V s R//a/ + R/,V;U/ + R ls V jW s + 2S ;; - 2R ikjs R ks 
= <VR ;; |a;>-2R !fcjS R fo 

+ R ;s Vicv s + R is VjW s 
= (VRij | cu) - 2R lkjs R ks + ^R (j + ?p ( V jW s - V s a,,) + ^ (V t cv s - V s cv,) . 

Finally, contracting this equation with g*i we get 
(3.3) 

AR = ( VR | cv) - 2R ks R ks + ^R + ^ ( V jcu s - V s cv-)^ + ^ (V/a; s - V s cu,)^ 

= ( VR | cv) + ^R - 2S 
n 

by the skew-symmetry of the sum of the last two terms. 

When n = 3 or in general if the Weyl tensor is zero, as before, setting A m i n : M — ► R 
to be the minimal eigenvalue of the Ricci tensor, if p G M is the point where A m i n /R 
gets its minimum with eigenvector v p , we consider a local unit smooth tangent vector 
field w = w 1 such that w(p) = v p , Vw l (p) = Aw l (p) = 0. Then the smooth function 
RijW l wi /R has a local minimum at p, (RjywW/R) (p) = /\ m i n (p)/R(p), V(R/ ; Vzt>VR)(p) = 
and Afaijiifiwi /R)(p) > 0. 

By the assumptions on the derivatives of w at p we haveV (Rij /R) (p)v p v v = and 
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A(Rij/R)(p)v l p v p > 0, hence, 
0<A(R i; -/R)(p)^ 



2 (R 3 - nA min R 2 + 2(n - l)A 2 min R - (n - 1)SR +(«-!)(«- 2)A min S) 

R 2 



2 (R 3 - nA min R 2 + 2(n - l^R - (n - 1)SR + (n - l)(n - 2)A min S) 



R 2 

+ ^(VjW s - V s cvj)v s p v p + ^p(V^ s - V s a^ s / P • 
Again, by skew-symmetry the last two terms cancel and we get 

< R 3 - nA min R 2 + 2(n - 1) A^R - (n - 1)SR + (n - 1) (n - 2)A min S . 

Since this inequality and equation (3.3) are respectively analogous to (3.2) and (2.5) 
for gradient Ricci solitons, following the proof of Proposition 3.7 we get directly to the 
conclusion only supposing that (M,g) is a Ricci soliton, without using Theorem (3.1) 
to know that we are actually dealing with a gradient Ricci soliton. 

Appendix A. Minimizing Perelman's Functional 

We suppose that (M, g) is a connected manifold, otherwise we work on every sin- 
gle connected component. Let dV be the Riemannian measure on M associated to g. 
We show here the existence of a smooth function / : M — > R such that 

R + 2A/-|V/| 2 + 2^//n 

is constant, for every value ju > 0. 

This is related to minimizing the following Perelman's functional (see [25]), 

(A.l) W(g,f;r)= f [r(|V/| 2 +R)+/-nl (47TT)- M /V/rfy, 

where t > is a scale parameter, under the constraint 

/ e {/ € C°°(M) | j M (4:7ir)- n / 2 e-f dV = l} . 

We consider then the functional (which differs only for a constant term by Perelman's 
one after the change of variable u = e~f/ 2 , setting r = n/2]x, and multiplying by 1/t) 

JF( M ) = J^fRu 2 + A\Vu\ 2 -^u 2 log u 2 ^dV , 

then we look for the following constrained infimum 

a = inf F(u) 

ueU 

where u G C°° (M) runs in 

W={i/GC°°(M) J M u2dv = 1 andw > o} 

(notice that the function x 2 log x 2 belongs to C 1 (R) so the integrand is well defined for 
functions in U). 

14 



Proposition A.l. The infimum a is finite and there exists a smooth nonnegative func- 
tion u G achieving it. 

PROOF. We show that a > — oo and that any minimizing sequence {u;} must be 
uniformly bounded in the H 1 (M)-norm. 

We observe that for any u £ C°° (M), by applying Jensen inequality with respect to the 
probability measure u 2 dV, one has 



,2i ,,2 - ■ n 



M 



log u dV 



M 



m log rfy 



2 

n-2 



log 
log 



M 



U 2 *(*V 



M 



n-2 



On the other hand, one has 

log (^J^u 2 * dV^j < log ^C M ^(|Vi/| 2 + w 2 )rfy 

= ^-log fc M / (|Vt/| 2 + t/ 2 )^ , 
n-2 \ Jm J 

where Cm is the Sobolev constant of (M,g). 
Putting together these two inequalities we get 

f u 2 \ogu 2 dV > - — log (c M [ (\Vu\ 2 + u 2 )dv) > - [ (IV 'u\ 2 + u 2 ) dV - C , 
n Jm n ° \ Jm J Jm 

for some positive constant C (depending only on (M, g) and ju). Hence, 

F{u) = J m (Ru 2 + 4\Vu\ 2 - ^ u 2 \ogu 2 ^ dV 

>4 / (|Vi/| 2 + w 2 )dy+ / (R min -4)u 2 dV - [ (\Vu\ 2 + u 2 )dV -C 
(A.2) Jm Jm Jm 

>3 f \Vu\ 2 dV+(R min -l-C) [ u 2 dV 
Jm Jm 

> R — 1 — C 

where in the last passage we used that J M « 2 = 1. This shows that a > —oo. 
The same argument gives that if U{ G C°° (M) is a minimizing sequence for ^ such that 
II u III 2 = 1/ ^en is bounded in H 1 (M). Hence, we can extract a subsequence (not 
relabeled) weakly converging in H 1 (M) and strongly converging in L 2+£ (M), for some 
£ > 0, to some function u. Clearly, by the the L 2 convergence, we have J M u 2 dV = 1 
and we can also assume u > 0, by the definition of T. 

It is easy to see that the functional T is lower semicontinuous with respect to the weak 
convergence in H 1 (M), as the term u 2 log u 2 is subcritical (and the function x 2 log x 2 is 
continuous) hence its integral is continuous. 

Then, a limit function u : M — > R is a nonnegative, constrained minimizer of .F in 
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H 1 (M). 

The Euler-Lagrange equation for u read 

— AAu + Ru (u log u 2 + u) = Cu, 

n 

for some constant C. It can be rewritten as 

(A.3) Au = Ru/4 + Cu - -wlogw, 

n 

to be intended in H l {M). 

As u is in H 1 (M) and the term u 2 log u is subcritical, a bootstrap argument together 
with standard elliptic estimates gives that u e C 1,a . 

Rothaus proved in [27] that a solution to equation (A.3) is positive or identically 
zero (see Appendix B), this second possibility is obviously excluded by the constraint 

J M u 2 dV = l. 

Hence, as x 2 log x 2 is smooth in R \ {0} we can infer that the function u is actually 
smooth. □ 

We can consider then the smooth function f = —2 log u. A simple computation, 
using equation (A.3) gives the following. 

Corollary A.2. For every \i > 0, there exists a smooth function f : M — > R such that 

R + 2A/- |V/| 2 + 2^//n 

is constant. 

Clearly, this argument works with every positive t in the functional W. 

Corollary A.3. For every (M, g) and r > there exists a smooth function f : M — > R 
minimizing Perelman's functional (A.l). 

Appendix B. Strong Maximum Principle for Semilinear Equations on Manifolds 

We consider the following elliptic semilinear equation on a Riemannian manifold 

(M,g) 

(B.l) Au(q) = (p(u(q),q) 

where ip:KxM^Risa continuous function such that <p(0, q) =0 for every q £ M. 

If w : M — > R is a nonnegative C 1,a solution and <p is C 1 then, in every connected 
component of M, either u > or u is identically zero, by the strong maximum princi- 
ple. 

If the function cp is only continuous this is not true, as one can see considering the C 3 
function / : R -> R 

' f(x) =0 if x < 

/(x) = x 4 if x > 

satisfying the equation /" = Vlyff. Here <p(i) = 12 ^/jf[ which is Holder continuous 
but not C 1 . 

Inspired by an analogous condition for uniqueness in ODE's, we have the follow- 
ing proposition. 
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Proposition B.l. Ifcpe C°(R x M) and for every p e M fere exz'si some <5 > and 
a continuous, nonnegative, concave function <p : [0,5) — > R sucfo fei <p(0) = 0, <p(f) > 



<p(t,q) for every t G [0,(5) and c/ m some neighborhood of p, and / ( 



<5 



+oo, fen a 



nonnegative C 1,a solution u of equation (B.l) zs ezfer positive or identically zero in every 
connected component ofM. 

REMARK B.2. Notice that this condition is not very restrictive, in particular it holds 
for all the equations Au = <p(u) with <p : R — > R Lipschitz. 

PROOF. We suppose that w = at some point p G M. This clearly implies that p is 
a minimum point for u, hence Vw(p) = 0. 

Letting B r = B r (p) be the geodesic ball of radius r > around p € M, we define, 
for r > small (less than the injectivity radius R of p and such that B r is inside the 
neighborhood of the hypothesis about the function cp), 



S(r) 
tt(r) 



3B r 
1 



S(r) ias 



u dcv 



S(r) Js"- 1 



k(0, r)/(0, r) rf0 



where rfcu is the induced measure on the geodesic sphere dB r , 6 is the coordinate on 
S M_1 with canonical measure dd and J(9, r) is the density of dcv with respect to d6. 
By the assumptions on u, the function h : [0, R) — > R is C 1 and nonnegative, moreover, 
since u(p) = and Vw(p) = we have /z(0) = h'(0) = 0. 
By a standard computation, using the divergence theorem, 



U fdw + fsn-i u{9, r) d -^dG- h(r)S'(r) 
S(r) 



h'(r) 



< 



< 



S(r) 

S(r) 



/z(r) 



3 log S(r) 
3r 



+ rt(r) 



max 

eeS"- 1 



d log r) 3 log S(r) 



3r 



9r 



S(r) 

JohB t <P( u ) d(vdt 
S(r) 



+ h(r) max 



aiog(/(0,r)/S(r)) 



+ h(r) max 

06S"- 1 



3r 



aiog(/(0,r)/S(r)) 



dr 



Lemma B.3. For every point p in a Riemannian manifold (M,g) we have 

31og(/(e,r)/S(r)) 



max 

eeS"- 1 



dr 



= o(l) 



as r tends to zero. 

By means of this lemma we get 



j,// n ^ fofdB t <P( u ) d(vdt 
n (r) < , r h Cn(r) 



S(r) 
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Using now Jensen inequality, by the concavity of cp on [0, 5), for every r > small 
enough (u(q) tends to zero as q — » p) we get the following differential inequality 

,// x fnS(t)(p(h(t))dt ^ . N 
h'(r) < J0 w ; / \ — + Ch(r) . 
S(r) 

We introduce now the function h(r) = sup fe j r j h(t). Notice that h is a nondecreasing 
continuous function, actually Lipschitz as h G C 1 , and h > h, moreover, at every 
differentiability point (almost all by the Lipschitz property) we have either h = or 
~ti - h'. 

We have then (in distributional sense), 

^ Ks(t)v(h(t))dt | cTt(r) 

<m))ttsm +cX(r) 

It is a standard fact that for r > small enough Vol (B r )/S(r) < Cr < C, hence we 
conclude 

h'(r) < Cq>(h(r))+Ch(r), 

for r > small enough. 

It is now well known (by ODE's theory) that, since the condition Jq -J^ = +oo implies 

Jo y(f)+t = +°°' ^e function /z is identically zero on some interval [0, e). 

The argument is easy: if h is positive for some interval (0, e) we have (distributionally) 

<p(h)+h 

and integrating both sides, 



h(r) j At 

Ce> / — ■= — y -^-= — dr= / ■—- = +oo 

~ Jo v(h(r))+h(r) Jo <p(t) + t 

which is a contradiction. 

This means that there exists a small e > such that h(r) = on [0,e), hence, by 
construction, also h(r) =0 on [0, e). 

The same clearly holds f or u in a neighborhood of p, as u > and h(r) is its spher- 
ical means on dB r (p). A standard connectedness argument concludes the proof. □ 

PROOF OF LEMMA B.3. We can compute the density of the spherical measure dcu 
with respect to d9 as follows (see [16, Sections 3.96, 3.98]), 



J{e,r) = y /d*(g(Y i (r),Y j (r))) 

where Y;(f) are Jacobi fields (that is, Y" + R(y', Y)y' = 0) along the geodesic y(r) = 
expp r6 from p G M, satisfying Y(0) = and Y'(0) = Ef where {0, Ei, . . . , E„_i} is an 
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orthonormal basis of T p M. 

By a standard computation, setting G;y(r) = g(Yi(r), Yj(r)), we have 

= «M = 1 tr rG(r ) o G -> (r) ) = trfe(y,(r), Yj(,)) o G -V» . 

Now we expand the fields Yj and Y- by Taylor formula, around r = 0, 

Y,-(r) = r£ f (r) + o(r 2 ) 
Y' i (r)=E i (r)+o(r) 

where Ej are the parallel fields along y(r) with Ej(0) = E ; and we used the formula 
Y + R(y / , Y)y' = 0. Moreover, the "o-terms" above can be chosen independent of 9. 
Then, as the parallel transport is an isometry, we have 

ai0g / r (M = tr(g(r E! (r) +o(r 2 ),E j (r) +o(r)) oG-^r)) 
= tr([r6 lj + o(r 2 )]o[r 2 5 lj + o(r 3 )}- 1 ) 
= r- 1 tr([S lj + o(r)]o[6 lj + o(r)]- 1 ). 
Now, it is easy to see that + o(r)] _1 = + o(r)], hence 

31 ° g / r (g,r) = r- 1 tr(fc ; - + o(r)] ° fc 7 + o(r)]) 
= r- 1 tr[^ / + o(r)] 

= — + «(!). 
r 

To conclude the proof of the lemma we notice that 

3 log S(r) _ d r S(r) _drlgn-i J(9,r)d9 



dr 



S(r) S(r) 

^ Jgn-i drj{0,r) d9 
"~ S(r) 



S(r) 



J3B r J(0,r) 



S(r) ' 

hence, 91 °g^( r ) i s the spherical mean of the function 9 log ^ g '^ = (n — l)/r + o(l). 
This finally implies that 

31og(/(e,r)/S(r)) 



dr 



d log r) aiogS(r) 



3r 3r 
|(n-l)/r + o(l)-(n-l)/r + o(l)| 
o(l). 



Corollary B.4. A nonnegative H 1 solution of the equation 

Au = Rw/4 + Cu — —u log u , 
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□ 



on a Riemannian manifold (M,g) is either positive or identically zero in every connected 
component ofM. 

PROOF. We already know that u <E C 1,a (M). In a neighborhood of any p <E M the 
scalar curvature R is bounded, then, Au(q) = <p(u(q), q) and locally 

(p(t,q) = R(o)f/4 + Cf- -flogt < Ct- -flogf = p(f), 

which is a continuous, concave, nonnegative function in some interval [0, <5), satisfying 
the nonintegrability hypothesis in Proposition B.l, by direct check. □ 

Appendix C. Some Open Problems 

PROBLEM C.l. Is it possible to prove Theorem 3.1 showing directly that the form 
cv is exact? 

PROBLEM C.2. Are there special conditions in dimension n = 4 (on the Weyl ten- 
sor?) assuring that a contracting, compact, Ricci soliton is trivial? 

PROBLEM C.3. Are there counterexamples in dimension n = 5? 

PROBLEM C.4. The sectional curvatures of a compact, NONtrivial, contracting Ricci 
soliton can be all positive (nonnegative)? 

PROBLEM C.5. What are in general the properties of compact, NONtrivial, con- 
tracting Ricci solitons? 

See Derdzinski [11], Fernandez-Lopez and Garcia-Rio [15]. 
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